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1. Introduction

We consider ¢'(Z), where Z denotes the space of integers equipped with the
counting measure. For any set C of nonnegative functions in £}(Z) we define the
maximal operator M¢ on nonnegative £!(Z)-functions by

(1.1) Mecf =suppx* f.
p€eC

The function Mcf takes values in [0, 0] and may not be in £}(Z).

For any subset A of Z¢ we denote the number of points in A by |A|. (We will
also use |A| to denote the Lebesgue measure of the set A if A is being considered
as a subset of R%. It will be clear from the context if we are considering A as a
subset of Z¢ or of R%.)

For an operator M, if it happens that for some finite constant C we have

C
(12) (g > o) < AWl
for all @ > 0 and all nonnegative f € £1(Z), then we say that M is weak type
(1,1). If for some finite constant C

CIEI _ Clglh

a
holds for all & > 0 and all finite subsets E of Z, then we will say that M is
restricted weak type (1,1).

(1.3) {M1g > o} < 2=

Remark 1.1: The analogous definition holds if we are working on £}(Z%) or in
LY(RY). For L'(R?) we just need to consider sets E C R? which have finite
Lebesgue measure instead of sets E C Z¢ which have finite counting measure.

Clearly the restricted weak type (1,1) property is implied by the ordinary un-
restricted weak type (1,1) property. Weak type inequalities are quite important
since they are the key to obtaining almost everywhere convergence results. How-
ever, they are often very difficult to prove since they fail to be subadditive, that
is, the inequality |{|f + g| > A} < |{|f] > A} + [{|g] > A}| is false in general.

Remark 1.2: We do have the inequality [{|f + gl > 2A} < [{If| > A}
+|{lgl > A}|, and this is enough to handle the case of only a finite number of
operators. If we have a countably infinite family of operators, the lack of a
subadditive property causes a serious problem. (However, see E. M. Stein and
N. J. Weiss [5] for a positive result in this regard.)

Restricted inequalities have had a long history; see, for example, the article
by E. M. Stein and G. Weiss [4] which contains a number of applications and
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examples. In 1974, K. H. Moon [3] considered convolution operators on R?, with
Lebesgue measure. He proved the following theorem.

THEOREM 1.3 (Moon): Let K,,, n = 1,2,..., be linear operators in L1(R%), each
of the form K, f(x) = f xgn for some g, € L1(R?). Let M f(z) = sup,, |Knf(z)|.
Then M is of restricted weak type (1,1) if and only if M is of weak type (1,1).

Let 4, denote the Dirac delta function at the point a, that is, §, denotes
the unit point mass at the point a. If K € L}(R?), and f = 3., &,,, where
{a1,az,...,an} is a set of distinct points in R?, then

Kf(z) =K (ia,,‘.)(x) = iK(:c~a,-).

In [2] de Guzman proved the following related result.

THEOREM 1.4: Let Kn, n =1,2,..., be linear operators in L*(R?), each of the
form K, f(z) = f x gy for some g, € L'(R?). Let M f(z) = sup, |Knf(z)|. Then
M is weak type (1,1) if and only if there is a constant c such that for all H > 0,
and distinct (ay), we have

{x : sup

H

{x: M3 b0)(@) > /\}‘ _
h=1

Remark 1.5: It is natural to ask the following question: Does de Guzmén’s

conclusion follow if we only know |{z: Mé,(z) > A} < ¢/A? That is, can the

finite sum of Dirac delta functions be replaced by a single Dirac delta function?

To see that the answer to this is no, we argue as follows. We know that on Z we

H
Z gn(x - ah)

h=1

A

> /\}‘ < cg.

do not have a weak type (1,1) inequality for the family of operators A,¢(s) =
Ly k=1 ¢(s + 2%). (See [1] for this and other related examples, as well as much
stronger statements.) Writing K f(z) = 2 3 0_, f * X[2*,2%+1)(2), and using the
result on Z from [1], we can see that the maximal operator is not a weak type
(1,1) operator. However, it is not hard to show that we do have the required
inequality when we apply the maximal operator to functions of the form &,.
Given the results of Moon and de Guzmdn, it is natural to expect that the
same result would hold if R? is replaced by Z%. The proof of both Moon’s result
and de Guzmadn’s result takes advantage of the nonatomic structure of Lebesgue
measure. Thus it was clear that to obtain the Z¢ version of their results, a new
proof would be required. Unfortunately, all our attempts to prove such a result
led to unexpected problems, and we began to wonder if the Z¢ analogs of their
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results might be false. In this paper we construct an example to show that indeed
the discrete analog of their results is false.

As a convenient notation we will let ¢, = ¢, (M) denote the smallest constant
C which makes (1.2) true for all @ > 0 and all nonnegative f € ¢!(Z), with
the convention that ¢, = oo if M is not weak type (1,1). Similarly, we will let
¢y = ¢-(M) denote the smallest constant C which makes (1.3) true for all & > 0
and all finite subsets E of Z, again letting ¢, = oo if M is not restricted weak
type (1,1). Naturally we have ¢, < ¢,, but it is not immediately clear what more
can be said.

We will show that it is possible to construct examples such that ¢, < o
while ¢, = co. Our examples will have an additional property, namely that the
convolution kernels ¢ € C will be nonnegative and normalized to have integral
one with respect to counting measure. Such functions are often referred to as
probability densities. Thus we will prove the following.

THEOREM 1.6: There exists a countable set C of probability densities such that
Mc is restricted weak type (1,1) but not weak type (1,1).

2. Some reductions

In this section we show that we can reduce the problem to finding measures such
that the ratio ¢, /c, is large.

LEMMA 2.1: Let v be a nonnegative real number. Suppose that for every positive
real number K, there exists a finite set C of probability densities, such that
¢y (Mc) < v and ¢,(M¢) > K. Then Theorem 1.6 holds.

Proof: First note that if we can find a collection € of probability densities for
which the maximal function is restricted weak type (1,1), but fails to be weak
type (1,1), then we can find a countable subcollection of C with the same property.
To see this, assume we have a collection C such that the maximal operator M¢
fails to be weak type (1,1). Then for each n we can find a A, > 0, a function fy,
and a sequence ¢, ; such that.

[{84D | @,k * fu| > Aa}| > Ainf,,nl.
k n

Clearly the collection {¢nt:n=1,2,..., k=1,2,...} is a countable collection
for which the maximal operator fails to be weak type (1,1). On the other hand,
since it is a subcollection of C, the maximal operator must still be restricted weak
type (1,1).
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For each j = 1,2,..., let C; be a finite set of probability densities such that,
if M; = Mc,, then c,(M;) < v and ¢, (M;) > j4. Then for each j, there is a
nonnegative function f; € £1(Z) and some c; > 0 such that

3
{M;f; > ai}| > —| fill
aj
Define D to be the set of all functions ¢ of the form
— 1
=3y YTAZL
i=1
where ¢; € C;. We have
o0
=3) M
—w
For every finite subset F of Z and every « > 0 we have

{Mplg > a}| < ’{32 —M;1g > a}

7=1

(Gm1e> 5}

C8

IN

j=1

<
1l

IN
.Mg

Ya
Mle > —3—}

<
il
-

3y

3y
aig Bl = —IEl.

<
1]

IN
HMg

Thus Mp is restricted weak type (1,1).
Also s
a] 3 3a;
[{prrs > 2} = (G > 2}
= {M;f; > o}l
j4
> '"f||fj||1

= sl

It follows that Mp is not weak type (1,1), and the lemma is proved. n



290 M. AKCOGLU ET AL. Isr. J. Math.

LEMMA 2.2: Suppose that for every real number e, with 0 < € < 1, there exists
a finite set W of nonnegative convolution kernels in £*(Z) such that for all p € W

(2.1) el <e,
(2.1) er(Mw) <e,
and

(2.1) cu(Mw) > 1.

Then Theorem 1.6 holds.

Proof: Let a positive real number ¢ be given. Let K = 1/¢, and let W satisfy
the hypotheses of the present lemma, so that (2.1), (2.2) and (2.3) hold.

For any ¢ € W, first enlarge ¢ by multiplication by K. The nonnegative
density Ky satisfies ||K¢||1 < 1. To create a density with norm 1, let

b(¢) =1 - K|[¢}|-

By assumption, 0 < b(p) < 1. Let
C = {Kp+b(p)do: p € W},

where, as usual, we denote the function which is 1 at the point a and zero
elsewhere by 6,. Now, by the construction, C is a set of probability densities.
Clearly

Mce < KMy +1,

where I denotes the identity operator. Then for any a > 0 and any finite subset
E of Z we have

[Me1s > o}l < |{KMwis > S|+ {12 > 5}
R
T« o

Thus ¢,(Mc) < 4. On the other hand, clearly cu(Mc) > K. We can now
apply Lemma 2.1 to conclude that Theorem 1.6 holds, as claimed. |
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3. The construction

We will construct a set W which satisfies the hypotheses of Lemma 2.2. We can
then apply Lemma 2.2 to complete the proof of Theorem 1.6.

3.1. DEFINITION OF W. For our construction, we start with a divergent series
ap+ay+as+---withl>ap>a; > - >0, and satistying

(7 + Da;

(3.1) sup —2 50 asn — oo.
. Tmn—
0<i<n Zk:U Qg
Let 1
Cn = =7
k=0 Ak

and note that by assumption {, — 0 as n — 0.
For each n we now define a very nonuniform probability density A(-,n) on Z

as follows: C for i
AGj,n) = na; forj=0,1,...,n—1,
(:m) {0 otherwise.

Then condition (3.1) can be rewritten as

(3.2) Yo = sup (+DA,n) >0 asn— oo.

0<j<n
Remark 3.1: Examples of series that satisfy the above conditions include a; =
1/(j+1),7=0,1,... and a; = 1/(j + 1) log(j + 3). However, it is easier to just
think about the properties mentioned above.

Let £ > 0 be given and fix m such that {,,, < € and 7y, < €/4. Such an m exists
because of condition (3.2) and the fact that ¢, — 0. For this fixed m, and each
integer j, let A(j) = A(j,m). Let 8 > m + 1 be an integer which also satisfies
B—1>1/an.

Let

H={0,1,...,mg™ -1},

so that H is a long “interval” containing mf8™ points. All the interesting action
of our construction will take place on H.

We will need shifted versions of A, which are defined as follows. For each
£€{0,1,...,m— 1}, and each y € Z, let

where 0 < i < m—1and i = y + fmodm. Thus A(y) = Ay & £) where &
denotes addition mod m. The function A, is thus periodic, and the sum of the
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values of Ay over any period is 1. Furthermore,

-1
A{y)=1 foreachyeZ.
0

For each £ € {0,1,...,m — 1}, we define

3

~
Il

Pr={tmpt+y:t€{0,1,...,m % -1}, y€ {0,1,...,m - 1}}.

Thus P, consists of 3™~¢ blocks, each of length m, and is periodic in H with
period mf¢. Define
We = {A(z)d5: z € Po}.

Let
m~1 1
W= { D gz or e W f0r£=0,1,--~,m“1}'
=0

Let My denote the maximal operator obtained by convolution with densities
in W, and for each £ = 0,1,...,m — 1, let My = My, denote the maximal
operator obtained by convolution with densities in W;.

Clearly
m-1 1

£=0

3.2. PROOF OF CONDITION (2.1). For any w, € W;, we have |lp¢lli < (m-
Hence for any ¢ € W we have

m~1

—~ 1 Cm
llelly < —lm < <l < €
Z; ﬂ 4 ﬂ_ 1

L=

Consequently condition (2.1) of Lemma 2.2 holds.

3.3. PROOF OF CONDITION {2.3). We will define a particular function f which

is a superposition of spikes of widely varying heights. The spikes are nevertheless

located in such a way that M f is large on a substantial portion of the space.
For each : =0,1,...,m —1, let

Qi = {0,m,2m,..., (B — )m},

and let f; = ™ *1g,. Thus ||f;]ls = B™. Note that, as i decreases, the height
of f; increases and the size of the support of f; decreases. Let
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Since each f; is nonnegative, we have ||f[l; = S50 || fills = mB™.
For any two sets A and B, of integers, we use the notation

A+B={z+y:z€ A, ye€ B}.
We note that for each £ =10,1,...,m — 1 we have
Pe+Qe=H

where H is the long interval defined above.

Now we have to estimate My f. We begin by estimating M, f,. Fix a € H.
Since P; + Qy = H, we know there exists z € Py and y € Q¢ such that a =z 4+ y.
Hence

Mlg,(a) > Ae(z)dg * 8y(a) = Ae(z)da(a).

However, if y € Q, then y = 0modm and thus a = 2 + y = £ modm. Since A¢ is
periodic with period m, we have Ay(z) = Ag(a). It follows that

Mg, (a) 2 Aela)lg(a),

and so
Myfe(a) > ™ Ae(a)1p(a).

Hence
m—1 1 m—1
Mwf(a) 2 Y gozgMefela) 2 3 Me(@)ln(a) = 1s(a).
£=0 £=0

To have a weak (1,1) inequality (for & = 1) we would need to have

Cu (MW)

{a: Mwf(a) 2 1} £ ———Ifl}s,

which implies we must have the inequality
mp™ < M(mﬂm)_

Thus we have c,(Myp) > 1, and we see that condition (2.3) of Lemma 2.2 is
satisfied.

3.4. PROOF OF CONDITION (2.2). We will need the following simple lemma
about a set of numbers.
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LEMMA 3.2: Fix real numbers 0 < a < b and let tg,t1,...,tn.-1 be nonnegative
numbers such that if t; > 0 then a < t; < b. Let 8 > 1 be large enough that
B8—12>b/a>1. Assume that

m-—1

Zﬁﬁ%‘—_ktk>a

k=0

for some positive real number . Let £ be the maximal index such that t; > 0.
Then

"B—mt[ > '5
Proof: First note that

This follows since

If the lemma were false, then we would have
1 ¢ < a
L= 5

ﬁm—l

From this we see that

]
=)
3

IN
+
(
R
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a contradiction. |

From this we have the following corollary.
COROLLARY 3.3: Let E be a finite subset of Z. Let a > 0 be given. Let
2z € {Mwlg > a}. Then there is some £ € {0,1,...,m — 1} such that

1
—— Mplg(2) > g

ﬁm—l 2
Proof: We will first establish the hypothesis necessary to apply the previous
lemma. Fix £ € {0,1,...,m — 1}. For any point z, by definition there is some

s € Wy such that Mylg(2) = pex1g(z). For some z € P; we have ¢p = Ap(z)65.
Hence, if My1g(z) > 0 there is some point € P, and some point v € F such
that £ + v = 2, and Mylg(z) = Ag(x). In particular, we have shown that if
My1g(z) > 0 then we have (mam < Milp(2) € {m. Now apply Lemma 3.2.
[ |

We now continue with the proof of condition (2.2). Let E be a finite subset
of Z and let a > 0 be given. As a consequence of Corollary 3.3, we know that if
z € {Mw1lg > a} then there is some index £ € {0,1,...,m — 1}, some z € P,
and some v € F such that the following two conditions hold:

(3.3) z=z+v
and

A
(3.4) % > %.

We will use (3.3) and (3.4) to estimate [{Mwlg > a}|.

For any £ € {0,1,...,m—1}, let N, denote the number of points © € Py which
satisfy (3.4). Let G, denote the number of points y € {0,1,...,m — 1} which
satisfy (3.4). Clearly Ny = 8™ ¢G,. Then

m-1 m—1
{Mwig>a}|<|E|Y Ne=I|E| Y "G
=0 £=0

We must estimate G;. By definition,

Ge=1{j:j €{0,...,m =1}, {ma;/B™ " > a/2}|.

Thus
Ge=|{j:5 €{0,...,m =1}, A(G) > B™ta/2}}.
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We first show that for each £, 0 < £ < m — 1, we have

2Ym
Gy < aﬂm~£.

If we can find an integer j/, 0 < ' < m — 1, such that
A(G") > B2 2 AU + 1),

then we have
Ge = I{j: A(§) > ™ *e/2}| = ' + 1.
Using the definition of j/, we see that

gm=S1{5:a0) > 7S <A+ D < sup G+ DAG) = e

0<j<m
Therefore,
— . : m—e & 2Ym
Ge = |{3: M) > B 'S} < gt

There are two cases when we cannot find an integer j' as above. The first case
is when ™ ¢a/2 > A(0). In that case we have

Ge={j: A(j) > ™ ta/2}| =0,

and there is nothing to prove.
In the second case, when ™ ~¢a/2 < A(m — 1), we have

gt S |{5: 26 > A7 2| < Mm — Dm < o,

and hence again
Gy < 053—7;"-7
Let k be the smallest value of £ such that
2Ym
S apmt

if there is such an £. Otherwise

PIm o foralle, 0<l<m
algm—e

and hence G, = 0 for all £.
Thus we see that we either have

m—1

Y BTG =0

£=0
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or else for some k we have

m—1 m—1

Z IBm—lGe — Z ﬂm—eal

= =k

-1
<ﬂm—k 27‘"1 + mX: mﬁm—e
a[—}m—k
=k+1

We conclude that 4
[{(Mwig > | < |2,

which is the same as
49
[{z: Mwlg(z) > a}] < —22 1],

and hence that
cer(Mw) <4y, <e.

Consequently condition (2.2) of Lemma 2.2 holds.
Since all the conditions of Lemma 2.2 hold, the conclusion also holds, and the
proof of Theorem 1.6 is complete.
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